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Motivated by the theoretical paradox between the parity-violating gauge
symmetries of the standard model and the fundamental regulator, we propose
that the extension of the standard model to the high-energy region should
be made by adding effective high-dimension operators whose dynamics gives
an infrared scaling region, where not only the standard model appears as
an asymptotic chiral-gauge theory, but also vectorlike one-particle-irreducible
functions are induced to describe “new physics”. We formulate the standard
model on a lattice by introducing a right-handed neutrino and a sterile left-
handed neutrino to form the high-dimension operators. Analyzing spectra and
one-particle-irreducible functions induced by these high-dimension operators,
we find that in the low-energy region, the parity-violating standard model is
consistently defined, while the parity-conservation gauge-symmetry is restored
in the high-energy region.
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I. INTRODUCTION.
The parity-violating feature of elementary particle physics in the low-energy region is
strongly phenomenologically supported. On the basis of this feature and the gauge princi-
ple, the successful standard model (SM) for elementary particle physics is constructed in the
form of a renormalizable quantum field theory with chiral (parity-violating) gauge symme-
tries. The SM is very successful in particularly describing gauge fields, fermion fields, and
their couplings in the low-energy region. As a renormalizable quantum field theory, the SM
has to be properly regularized and quantized in such a way that the relevant spectra and
one-particle-irreducible (1PI) functions attributed to low-energy modes are precisely defined,
while irrelevant contributions from high-energy modes are renormalized away. Though the
triumph of the SM is demonstrated by low-energy experiments, theoretical inconsistency
and paradox still confuse theoretical particle physicists today. Apart from the embarrassing
inconsistency of the quadratic divergence in the Higgs sector, for which an elegant super-
symmetry is introduced, the theoretical paradox of regularizing a chiral gauge theory in
short-distances - high-energy-region- is one of most important issues in the theoretical par-
ticle physics.
With very generic axioms of quantum field theories, Nielsen and Ninomiya mathemati-
cally demonstrate the “no-go” theorem [1] that the quantum field theories with chiral gauge
symmetries, like the SM, cannot be consistently regularized on the lattice for either gauge
symmetry-breakings (giving up the gauge principle) or vectorlike fermion-doubling phe-
nomenon (contradicting low-energy phenomenon). This paradox is in fact generic and in-
dependent of regularization schemes [2,3]. As a consequence, this paradox, either giving up
the gauge principle or contradicting the low-energy phenomenon, seems unavoidable.
On the other hand, in the high-energy region, the very-small-scale structure of the space-
time at distances of the Planck length, where violent fluctuations of the quantum gravity
take place, can exhibit rather complex structure of a space-time “string” or “foam”, instead
of a simple space-time point. As the consequence of these fundamental constituents of
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the space-time, the physical space-time, the arena of physical reality, gets endowed with a
fundamental length and the gauge-invariant fundamental theory must be finite. This implies
that the quantum gravity could play a role of the nature regulator at the Planck length for
the fundamental theory with chiral gauge interactions between gauge and fermion fields, e.g.,
the SU(5)-theory. In the view of the fundamental theory of particle physics being finite,
e.g., the string theory, the paradox raised by the “no-go” theorem is even more profound
and far-reaching.
One might regard that such an inconsistency should be a technicality of regularization
schemes and would not intrinsically jeopardize the fundamental theory for the following rea-
sons: (i) the vectorlike fermion-doubling is an artificial defect of the lattice-regularization; (ii)
the non-local gauge anomalies, resulted from chiral gauge-symmetry-breakings by regular-
izations, do not receive renormalization from high-order perturbative contributions and are
completely canceled within the fermion content of the SM; (iii) local chiral gauge-symmetry-
breaking terms can be self-consistently eliminated by adding local counterterms and fine-
tuning order by order in perturbation theories in terms of small and smooth gauge fields.
The third point is actually originated from our experience of dealing with a perturbative
vectorlike gauge theory (like QED) by a gauge variant regularization scheme.
The third point for QED is indeed self-consistent because the vectorlike gauge-symmetry
and relative Ward identities are intrinsically preserved by the regularization and local gauge-
symmetry-breakings due to an inadequate choice of gauge variant regularizations are indeed
artificial. While, such a self-consistency is not so obvious and justified for perturbative chiral-
gauge theories, since we are not guaranteed by an exactly gauge-invariant regularization due
to the “no-go” theorem. On the other hand, for the non-perturbative and non-smooth
variations of gauge fields at short distances, local gauge-symmetry-breakings cannot be
eliminated by a fine-tuning procedure without exact gauge symmetries. Beside, it is rather
unnatural that the gauge principle is preserved by a fine-tuning procedure. We have to
first get around the “no-go” theorem to find a gauge invariant regularization scheme, not
only for approaching an asymptotical chiral-gauge theory of perturbative and smooth gauge
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fields at long distances, but also for non-perturbatively regularizing chiral gauge theories at
short distances. Once this can be achieved or proved, the exact gauge-symmetry and Ward
identities guarantee the self-consistency of eliminating local gauge-symmetry-breakings by
adding and fine-tuning appropriate counterterms in perturbative calculations, as the normal
renormalization prescription of a gauge-invariant quantum field theory.
A great effort [4]- [35] had been made for finding a gauge-invariant, both perturbative and
non-perturbative regularization (lattice) of chiral gauge theories, since the “no-go” theorem
was proposed in 1981. For a long time, the general belief has been that the gauge-invariant
regularization of chiral gauge theories seems to be impossible. We have been in fact in the
position of opposing to this opinion for a decade (see Xue’s reference). The reasons for us a
priori to take this position in the early time are following:
• (i) the general belief has never been demonstrated. While, in practice, the Rome
approach [11,12] shows a complete self-consistent framework where gauge-symmetry-
breakings due to theWilson fermion [36] are canceled by adding gauge variant countert-
erms to force the Ward identities of chiral gauge symmetries to be held. This inspires
us, in principle, there must be a universal class of gauge invariant regularizations for
chiral gauge theories, otherwise the Rome approach would not be self-consistent. Such
gauge invariant regularizations are most probably realized by a dynamics, instead of
fine-tuning symmetries;
• (ii) since the gauge principle must be true, we might be allowed to take an attitude
that the paradox could imply a hint of “new physics” beyond the SM [37]. In fact,
one of prerequisites of the “no-go” theorem is that the action of chiral gauge theories
is bilinear in fermion fields. This indicates that “new physics” would be effectively
represented by gauge-invariant high-dimension operators of fermion fields in the high-
energy region. Searching for such operators to non-perturbatively regularize the SM
on the lattice is not only for achieving the SM as an asymptotic chiral gauge theory
in the low-energy region, but also for finding relevant spectra and 1PI functions in the
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high-energy region, which sheds light on what would possibly be “new physics”.
These effective high-dimension operators at the lattice scale 1/a are possibly induced from
the fundamental theory with the quantum gravity included at the Planck scale, for instance,
the string theory. The use of the lattice regularization is not essential and we can use other
gauge-invariant regularizations at the scale 1/a, since the physical relevant 1PI functions
in the infrared scaling region are determined up to some irrelevant and vanishing high-
dimension terms.
Searching for a chiral-gauge symmetric approach to properly regularize the standard
model on the lattice has been greatly challenging to particle physicists for the last two
decades. The recent development [27,28] based on the Ginsparg-Wilson equation [4], show
an gauge-invariant manner to regularize perturbation theory, which will be discussed later.
In this paper, we focus on the approach that is the modeling by appropriately introducing
local and high-dimension interactions of fermion fields (or bosons) at the lattice scale [5]-
[10], [13]- [17] and [23]- [26]. Several universal classes of such models on the lattice have
been investigated and shown to fail [6–8] and [14–16]. It is then a general belief that
the phenomenon of spontaneous symmetry-breakings in the intermediate coupling region
and the argument of anomaly-cancelation within vectorlike spectra in the strong-coupling
region prevent such modelings from having a gauge-invariant low-energy scaling region for
chiral gauged fermions. Nevertheless, in refs. [23,24], an SUL(2) chiral gauge theory with
the peculiar local four-fermion interactions was proposed and a gauge-invariant low-energy
scaling region was advocated. The dynamics of realizing an asymptotic SUL(2) chiral gauge
theory in such a low-energy region was intensively studied [24,32,33].
In order to make the model so constructed and its dynamics be more physically intuitive
and be easily checked, in ref. [35] we study the (11112) model on the 1+1 dimensional lattice
with four-fermion interactions analogous to that of the SUL(2) model in refs. [24,32,33]. It is
shown that the exact computations of relevant S-matrices demonstrate a loophole that the
model and its dynamics can possibly evade the “no-go” theorem of Nielsen and Ninomiya.
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The low-energy chiral gauged spectra of the (11112) model can be achieved, consistently with
both the cancelation of gauge anomalies preserving the gauge symmetry and flavour-singlet
anomalies obeying the index theorem.
In this article, we study the analogous four-fermion interactions introduced for the
fermion content of the SM with two additional neutrinos1: a right-handed Weyl neutrino
νR ≡ χR and a sterile left-handed Weyl neutrino χL. The spectra and 1PI functions induced
by the four-fermion interactions are analyzed by using Ward identities, the strong- and
weak-coupling analysis from section (II) to section (IX). On the basis of these spectrum and
1PI functions, we study and discuss gauge anomalies and fermion-number (B+L) anomalies
in section (X). In section (XI), we discuss the possible relationship between the presented
model and the recent approaches [27,28] based on the Ginsparg-Wilson equation [4], and the
possibility of a soft spontaneous symmetry-breaking for the fermion mass generation. As a
result, in sections (IX,XII), we present a whole scenario of the model in the gauge-invariant
low-energy scaling region: (i) the SM appears as an asymptotic chiral gauge theory with
two additional neutrinos; (ii) massive and vectorlike spectra and 1PI functions indicate that
the parity-conservation gauge symmetries are restored in the high-energy region.
II. THE STANDARD MODEL
Introduction. We discuss the formulation of the standard model (SM) on the lattice. In refs.
[24,32,33], we intensively study the same type of the four-fermion interactions for an SUL(2)
model in the four dimensional space-time, where we consider only one left-handed fermion
doublet coupling to the SUL(2) gauge field and one neutral spectator χR. In these studies, we
in particular pay much attention on trying to avoid hard spontaneous symmetry breakings
in the intermediate values of the four-fermion couplings. The same type of four-fermion
1A brief report of this study is given in ref. [34]
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interactions will be respectively introduced for the both left-handed sector and right-handed
sector of the SM, containing gauged doublets and singlets of the lepton and quarks in three
generations. The dynamics of four-fermion interactions for realizing a low-energy spectrum
of chiral gauged fermions should not be changed by the difference in the fermion contents
between the SM and previously studied models.
Naive action. For being economic in notations and simplifying illustrations, we only explic-
itly write ψL for all left-handed fermion doublets of the SM:
ψL =

 νL
eL

 ,

uL
dL

 ; · · · (1)
and ψR for all right-handed fermion singlets of the SM:
ψR = eR, uR, dR; · · ·. (2)
Both the left-handed doublets ψL and the right-handed singlets ψR are the eigenstates of the
gauge-group SUc(3)⊗SUL(2)⊗UY (1) of the SM. The Higgs sector is completely disregarded
for the time being and all fermion fields are massless and two-component Weyl fields.
The naively regularized action for the SM on the four dimensional lattice is given by
S◦ =
1
2a
∑
x
(
ψ¯L(x)D
L
µ · γµψL(x) + ψ¯R(x)D
R
µ · γµψR(x)
)
, (3)
which are gauge-invariant kinetic terms for the doublets ψL and singlets ψR, whose dimen-
sions are [a1/2]. In eq.(3), x is the integer label of four-dimensional space-time sites and the
differential operators DL,Rµ are,
DL,Rµ = ([Uµ(x)]
L,Rδx,x+1 − [U
†
µ(x)]
L,Rδx,x−1), (4)
where the gauge link variable Uµ(x) is an element of the SUc(3) ⊗ SUL(2) ⊗ UY (1) gauge
group of the SM.
This naively regularized action at the lattice scale preserves the parity-violating (chiral)
gauge symmetries of the SM, however its spectrum at the low-energy scale is vectorlike,
comprising not only the normal fermions (1) and (2) of the SM, but also extra fermion
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species, as the consequence of the “no-go” theorem. The extra fermion species(doublers)
carrying the same quantum charges of the gauge group but opposite chiralities appear as
low-energy excitations at the edges of the Brillouin zone in the momentum space p = ap˜+πA,
where πA 6= 0 running over fifteen lattice momenta. This spectrum does not respect the
parity-violating gauge symmetries, inconsistently with phenomenological observations. As
discussed in the introductory section (I) at the beginning of the paper, on the way of finding
a resolution to evade the “no-go” theorem, we could be led to the right track to reach the
new physics beyond the SM.
Sterile neutrinos and four-fermion interactions. Analogous to the two neutral “spectators”
χL and χR introduced in the (11112) model [35], in the light of the Ockham razor, we
introduce only two Weyl neutrinos χL and χR for three fermion generations of the SM. χR is
the right-handed neutrino χR ≡ νR and χL is a left-handed sterile neutrino. These two Weyl
fermions neither carry any quantum charges of the gauge group of the SM, nor any quantum
numbers of symmetries associating to lepton, baryon and flavour(generation) numbers of the
SM. The kinetic terms for these two sterile neutrinos are given by
Ssterile =
1
2a
∑
x
(
χ¯L(x)∂
µ · γµχL(x) + χ¯R(x)∂
µ · γµχR(x)
)
, (5)
where χR and χL have the dimension [a
1/2].
At the lattice scale 1/a, the right-handed neutrino χR couples to the left-handed doublets
ψL:
SLi = g1ψ¯L(x) · χR(x)χ¯R(x) · ψL(x) + g2ψ¯L(x) · [∆χR(x)] [∆χ¯R(x)] · ψL(x), (6)
and the left-handed neutrino χL couples to the right-handed singlets ψR:
SRi = g1ψ¯R(x) · χL(x)χ¯L(x) · ψR(x) + g2ψ¯R(x) · [∆χL(x)] [∆χ¯L(x)] · ψR(x). (7)
The couplings g1, g2 have the dimension [a
−2] and are the same for both the left-handed sector
SLi and the right-handed sector S
R
i . The differential operator ∆ in the four dimensions is
defined as,
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∆χL,R(x) ≡
∑
µ
[
χL,R(x+ aµ) + χL,R(x− aµ)− 2χL,R(x)
]
, (8)
and its Fourier transformation
w(p) =
1
2
∑
x
e−ipx∆(x) =
1
2
∑
µ
(cos(pµ)− 1) . (9)
The total action of the lattice-regularization of the standard model (RSM for short) at
the lattice scale is then given by
S = S◦ + Ssterile + S
L
i + S
R
i , (10)
which exactly preserves the gauge symmetries SUc(3) ⊗ SUL(2) ⊗ UY (1) of the SM. Since
all fermions are massless Weyl fermions, the left-handed doublets ψL and the right-handed
singlets ψR are completely separated from each other in the kinetic actions (4) and (5),
which indicates the RSM total action (10) can be divided into the left-handed sector (1,6)
and right-handed sector (2,7). The exact gauge symmetries for the left-handed sector are
SULc (3)⊗ SUL(2)⊗ U
L
Y (1) (11)
and for the right-handed sector are
SURc (3)⊗ U
R
Y (1), (12)
where UL,RY (1) are the UY (1) hypercharges for the left- and right-handed sectors respectively,
and SUL,Rc (3) are the left- and right-handed representations of the SUc(3) only for left- and
right-handed quarks.
In addition to the gauge symmetries, there are global Abelian symmetries in the RSM:
(i) the UL(1) symmetry for the number of left-handed fermions ψL and the UR(1) symmetry
for the number of right-handed fermions ψR, which are related to the lepton and baryon
numbers of the SM; (ii) the UχR(1) and UχL(1) symmetries for two sterile neutrinos χR and
χL. Beside, this lattice-regularized action (10) possesses the exact χR-shift-symmetry and
χL-shift-symmetry for the four-fermion coupling g1 → 0, namely, the total action S (10) of
the RSM is invariant under the following transformations:
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χR(x)→ χR(x) + ǫR; χ¯R(x)→ χ¯R(x) + ǫ¯R, (13)
χL(x)→ χL(x) + ǫL; χ¯L(x)→ χ¯L(x) + ǫ¯L, (14)
where ǫL and ǫR are space-time independent Grassmann variables.
The properties of four-fermion interactions. These four-fermion interactions SLi (6) and S
R
i
(7) are (i) dimension-6 relevant operators (g1) for both normal fermions of the SM and
doublers and (ii) dimension-10 relevant operators (g2) only for doublers. Concerning only
on preserving the gauge symmetries of the SM, we have two possibilities of four-fermion
interactions SLi (6) and S
R
i (7) in the RSM at the lattice scale:
• (i) one of fermion fields ψ¯L and ψL (ψ¯R and ψR) is from one generation and another
is from another generation of the SM. The four-fermion coupling is a matrix in the
flavour space. This explicitly has the flavour-changing effect. We do not consider this
case in the present paper;
• (ii) both fermion fields ψ¯L and ψL (ψ¯R and ψR) are from either the lepton-sector or
the quark-sector in the same generation of the SM. This preserves global symmetries
UL,R(1) for the baryon- and lepton-numbers and flavour-symmetries of the SM.
We can also consider the interaction vertex of t’Hooft type [26], which is a dimension-6
operator violating the lepton and baryon numbers (B + L). There are a priori no rules
to preclude more complex high-dimension and low-dimension operators that process gauge
symmetries of the SM and the shift-symmetries. The important task is to find a universal
class of high-dimension operators at the lattice scale, whose dynamics gives rise to a low-
energy scaling region for relevant spectra and renormalizable operators of the SM.
III. WARD IDENTITIES
The Ward identities of shift-symmetries. The same four-fermion couplings g1 and g2 are
assigned for both the left- and right-handed sectors in the total action (10). For the case of
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a2g2 ≫ 1 and a
2g1 = 0, the total action (10) possesses both the exact χR-shift-symmetry
(13) and χL-shift-symmetry (14). These symmetries are not altered by the interactions
between fermion fields and gauge fields of the RSM. As a consequence, the Ward identities
associating to these symmetries completely determine all 1PI functions with external sterile
neutrino fields χR and χL.
In the left-handed sector, the Ward identity associating to the χR-shift-symmetry is given
by (g1 → 0),
1
2a
γµ∂
µχ′R(x) + g2〈∆
(
ψ¯L(x)·[∆χR(x)]ψL(x)
)
〉 −
δΓ
δχ¯′R(x)
= 0, (15)
where the “primed” fields are defined through the generating functional approach, and “Γ”
is the effective potential associating to the total action S (10) of the RSM (cf. section 2
in ref. [24]). Analogously, in the right-handed sector, the Ward identity associating to the
χL-shift-symmetry is given by (g1 → 0),
1
2a
γµ∂
µχ′L(x) + g2〈∆
(
ψ¯R(x)·[∆χL(x)]ψR(x)
)
〉 −
δΓ
δχ¯′L(x)
= 0. (16)
The important consequences of these Ward identities can be seen in the following.
Decoupling of left- and right- handed sectors. Based on the Ward identities (15) for the left-
handed sector and (16) for the right-handed sector, we can further take functional derivatives
with respect to “primed” fields ψ′L, χ
′
R and ψ
′
R, χ
′
L respectively, and obtain all 1PI functions
that contain external fields of both the left- and right-handed sectors:
δ2Γ
δψ′Rδχ¯
′
R(x)
= 0,
δ2Γ
δχ′Lδχ¯
′
R(x)
= 0, · · ·, (17)
from the Ward identity (15) and
δ2Γ
δψ′Lδχ¯
′
L(x)
= 0,
δ2Γ
δχ′Rδχ¯
′
L(x)
= 0, · · ·, (18)
from the Ward identity (16). These Ward identities (17) and (18) prove that all 1PI inter-
acting vertices between the left- and right-handed sectors identically vanish. In addition,
since the χL- and χR-shift-symmetries are exact and not altered by the gauge interactions
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of the RSM, the decoupling (17,18) between the left- and right-handed sectors is exact even
in the presence of gauge fields Aµ of the RSM. This complete decoupling between the left-
and right-handed sectors is so important that we separately deal with each sector.
Decoupling of sterile neutrinos. Taking functional derivative of the Ward identity (15) with
respect to χ′R, we obtain [24]
∫
x
e−ipx
δ(2)Γ
δχ′R(x)δχ¯
′
R(0)
=
i
a
γµ sin(p
µ)PR ∼ iγµp˜
µPR, (19)
in the left-handed sector. Analogously, we obtain from the Ward identity (16),
∫
x
e−ipx
δ(2)Γ
δχ′L(x)δχ¯
′
L(0)
=
i
a
γµ sin(p
µ)PL ∼ iγµp˜
µPL, (20)
in the right-handed sector. These 1PI functions show that the sterile neutrinos χR and χL
do not receive any wave-function renormalizations.
Taking functional derivatives of the Ward identities eqs.(15,16) with respect to the
“primed” gauge and fermion fields: A′µ, ψ
′
L and ψ
′
R, we obtain that all interacting 1PI
functions with external gauge fields and sterile neutrino fields identically vanish:
δ2Γ
δA′µδχ¯
′
R(x)
= 0,
δ3Γ
δA′µδψ
′
Lδχ¯
′
R(x)
= 0, · · ·, (21)
for the left-handed sector and
δ2Γ
δA′µδχ¯
′
L(x)
= 0,
δ3Γ
δA′µδψ
′
Rδχ¯
′
L(x)
= 0, · · ·, (22)
for the right-handed sector. These results together with eqs.(19,20) lead to the conclusion:
• (i) two sterile neutrinos χR and χL completely decouple from gauge fields of the RSM;
• (ii) in the low-energy region (p ∼ 0), the sterile neutrinos χR and χL are two free Weyl
fermions.
No hard spontaneous symmetry-breakings. Further functional derivative of the Ward iden-
tity (15) with respect to ψ′L leads to the 1PI self-energy function Σ
L(p) owing to the coupling
between ψL and χR:
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∫
x
e−ipx
δ(2)Γ
δψ′L(x)δχ¯
′
R(0)
=
1
2
ΣL(p) = 0, p = 0, (23)
where identically vanishing ΣL(p) for p = 0 is proved by eqs.(30) and (31) in ref. [24]. In
addition, the self-energy function ΣL(p) identically vanishes for p 6= 0 as well:
ΣL(p) = 0 p 6= 0, (24)
which is proved by the strong coupling expansion a2g2 ≫ 1 (for details, see eq.(104) in [24]).
This shows no hard spontaneous breakings (O(1/a)) of chiral gauge symmetries (11), due
to the non-vanishing v.e.v. 〈ψ¯LχR〉, taking place in the left-handed sector.
Completely analogous to the analysis of the left-handed sector, further functional deriva-
tive of the Ward identity (16) with respect to ψ′R leads to the 1PI self-energy function Σ
R(p)
owing to the coupling between ψR and χL:
∫
x
e−ipx
δ(2)Γ
δψ′R(x)δχ¯
′
L(0)
=
1
2
ΣR(p) = 0, (25)
for both p = 0 and p 6= 0. This shows no hard spontaneous breakings of chiral gauge
symmetries (12), due to the non-vanishing v.e.v. 〈ψ¯RχL〉, taking place in the right-handed
sector either.
These results are extremely crucial and necessary for:
• (i) absolutely precluding any hard spontaneous symmetry-breakings in the both left-
and right-handed sectors of the RSM for a2g1 → 0 and a
2g2 ≫ 1;
• (ii) possibly existing a low-energy scaling region of the RSM (10) in a segment A:
a2g1 → 0 and a
2g2 ≫ 1 in the phase space of four-fermion couplings g1 and g2.
1PI vertices of four-fermion interactions. In order to obtain the 1PI vertex-functions of the
four-fermion interactions in both the left- and right-handed sectors, we respectively take
functional derivatives of the Ward identity (15) with respect to ψ¯′L(0), ψ
′
L(y) and χ
′
R(z), and
the Ward identity (16) with respect to ψ¯′R(0), ψ
′
R(y) and χ
′
L(z), and obtain:
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∫
xyz
e−iyq−ixp−izp
′ δ(4)Γ
δψ′L(0)δψ¯
′
L(y)δχ
′
R(z)δχ¯
′
R(x)
= 4g2w(p+
q
2
)w(p′ +
q
2
), (26)
∫
xyz
e−iyq−ixp−izp
′ δ(4)Γ
δψ′R(0)δψ¯
′
R(y)δχ
′
L(z)δχ¯
′
L(x)
= 4g2w(p+
q
2
)w(p′ +
q
2
), (27)
where p+ q
2
and p′ + q
2
are the external momenta of χR(χL) fields; p−
q
2
and p′ − q
2
are the
external momenta of ψL(ψR) fields (q is the energy-momentum transfer).
These two identities eqs.(26,27) show two consequences of the χR- and χR-shift-
symmetries when g1 = 0:
• (i) the 1PI vertex-functions of four-fermion interactions are the exactly same as that
at the tree-level without receiving any vertex-renormalization. This guarantees that
the dimension-10 four-fermion interactions are only relevant operators for doublers in
the high-energy region and irrelevant in the low-energy region (see the definition of
the function w(p) (9)).
• (ii) large momentum states of χR(χL) strongly couple to ψL(ψR), while small momen-
tum states of χR(χL) weakly couple to ψL(ψR).
IV. THE STRONG- AND WEAK-COUPLING ANALYSIS
Aparting from the analysis based on the Ward identities associating to χL,R-shift-
symmetries, we use the strong- and weak-coupling expansions to analyze the RSM model.
However, we do not present these analysis in details for the reasons that (i) the left- and
right-handed sectors of the RSM are completely decoupled, as demonstrated in the last sec-
tion (III); (ii) the four-fermion interactions (6) and (7) of both sectors are assigned with
the same four-fermion couplings g1 and g2 and are the exactly same as that of the SUL(2)
model and (11112) model, the only difference is in fermion contents; (iii) the strong- and
weak-coupling analysis of the SUL(2) model and (11112) model are straightforwardly applied
into the analysis of the left- and right-handed sectors of the RSM; (iv) the dynamics of the
four-fermion interactions to realize a low-energy scaling region for the RSM in each sector is
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the same as that for the SUL(2) model and (11112) model; (v) the SUL(2) model was very
intensively analyzed and the details of technique aspects are presented in refs. [24,32,33].
In the following sections, we will indicate the main aspects of techniques adopted by giving
clear references to the counterparts in the SUL(2) model in refs. [24,32,33].
The RSM action for analyzing the spectrum and 1PI functions in the case of the a2g1 → 0
and strong coupling a2g2 ≫ 1 is obtained by rescaling all fermion fields ψ → g
1
4
2 ψ to be
dimensionless. As a result, we rewrite the RSM total action as,
S =
1
2ag
1
2
2
∑
x
(
ψ¯L(x)D
L
µ · γµψL(x) + ψ¯L(x)D
L
µ · γµψL(x) + · · ·
)
+
∑
x
(
SLi (x) + S
R
i (x)
)
, (28)
where “· · ·” stands for the kinetic terms (5) for two sterile neutrinos χL and χR, the coupling
g2 of the dimension-10 operators in S
L,R
i (x) is rescaled away and the dimension-6 operators
(g1) in S
L,R
i (x) are disregarded. The dimension-10 operators are only relevant in the high-
energy region, where non-vanishing value of the operator ω(p) 6= 0 (9) for pµ = πA gives rise
to the non-trivial strong coupling limit (for details, see the appendix in ref. [24]).
V. MASSIVE FERMION STATES IN THE RSM
For strong four-fermion interactions (6) and (7), i.e., the 1PI vertices (26) and (27) for
p, p′ ∼ πA and a
2g2 ≫ 1, three-fermion states are formed. The three-fermion states in the
RSM can be classified into three categories: (i) the neutral sector in both left- and right-
handed sectors, (ii) the charge sector in the left-handed sector, (iii) the charged sector in the
right-handed sector. We first discuss the neutral sector, in which fermion propagators, mass
terms M(p) and form factor Z(p) of neutral three-fermion states can be exactly obtained
by using Ward identities (15) and (16).
Neutral sectors. The neutral three-fermion singlets ΨnL and Ψ
n
R in the left- and right-handed
sector of the RSM are:
15
ΨnL ≡
1
2a
(ψ¯L · χR)ψL, ψL =

 ν
e


L
,

u
d


L
; · · ·, (29)
ΨnR ≡
1
2a
(ψ¯R · χL)ψR, ψR = eR, uR, dR; · · ·, (30)
both are Weyl fermions. The singlets ΨnL (Ψ
n
R) are neutral as the sterile neutrino χR (χL),
but opposite chiralities. The three-fermion singlets ΨnL and Ψ
n
R respectively combine together
with sterile neutrinos χR and χL to form neutral massive Dirac fermions:
ΨLn = (Ψ
n
L|ren, χR), Ψ
n
L|ren = Z
−1
n (πA)Ψ
n
L, (31)
ΨRn = (Ψ
n
R|ren, χL), Ψ
n
R|ren = Z
−1
n (πA)Ψ
n
L, (32)
consistently with the global symmetries UχL(1), UχR(1) and UL,R(1) of the RSM. Ψ
n
L,R|ren
in eqs.(31, 32) are the renormalized three-fermion singlets at p ≃ πA. By using the Ward
identities (15) and (16), we obtain the masses of these Dirac fermions ΨLn and Ψ
R
n
1
2
M(p) =
∫
x
e−ipx
δ(2)Γ
δΨ′nR (x)δχ¯
′
L(0)
=
∫
x
e−ipx
δ(2)Γ
δΨ′nL (x)δχ¯
′
R(0)
= 8ag2w
2(p), (33)
and the form factors Zn(p) of the three-fermion singlets Ψ
n
L and Ψ
n
R,
Zn(p) = a
∫
x
e−ipx
δ(2)Γ
δΨ′nR (x)δχ¯
′
L(0)
= a
∫
x
e−ipx
δ(2)Γ
δΨ′nL (x)δχ¯
′
R(0)
= aM(p). (34)
In the high-energy region p ∼ πA, both the mass M(p) and form factor Zn(p) are:
M(πA) = const., Zn(πA) = const.. (35)
In the high-energy region p = p˜a + πA, the propagators of these neutral and massive
Dirac fermions are obtained by using the Ward identities (15) and (16),
SR,Ln (p) =
∫
x
e−ipx〈ΨR,Ln (0)Ψ¯
R,L
n (x)〉 =
i
a
γµ sin(p)
µ +M(p)
1
a2
sin2 p+M2(p)
≃
iγµp˜
µ + 1
a
p˜2 + ( 1
a
)2
. (36)
The neutral mass terms are given by
Ψ¯nL|renχR + χ¯RΨ
n
L|ren, Ψ¯
n
R|renχL + χ¯LΨ
n
R|ren, (37)
at the mass scale 1/a.
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Charged sectors. The three-fermion doublets ΨR and singlets ΨL are:
ΨR ≡
1
2a
(χ¯R · ψL)χR, ψL =

 ν
e


L
,

 u
d


L
; · · ·, (38)
ΨL ≡
1
2a
(χ¯L · ψR)χL, ψR = eR, uR, dR; · · ·, (39)
in the left- and right-handed sectors of the RSM. They are Weyl fermions respectively having
the same gauge charges as the left-handed doublets ψL and right-handed singlets ψR, but
opposite chiralities. The three-fermion doublets ΨR and singlets ΨL respectively combine
together with ψL and ψR to form massive Dirac fermions:
ΨLc = (ψL,ΨR|ren), ΨR|ren = Z
−1
L (πA)ΨR, (40)
ΨRc = (ψR,ΨL|ren), ΨL|ren = Z
−1
R (πA)ΨL. (41)
ΨLc is consistent with the gauge symmetries SU
L
c (3) ⊗ SUL(2) ⊗ U
L
Y (1) of the left-handed
sector and ΨRc is consistent with SU
R
c (3) ⊗ U
R
Y (1) of the right-handed sector. Note that
SUL,Rc (3) is only for the quark sector. ΨR,L|ren in eqs.(40,41) are the renormalized charged
three-fermion doublets and singlets at p ≃ πA. The form factors ZL,R(p) of the three-fermion
states ΨR,L are respectively computed by the strong coupling expansion for p ≃ πA [32]
ZL(p) = a
∫
x
e−ipx
δ(2)Γ
δΨ′R(x)δψ¯
′
L(0)
≃ aM(p), (42)
ZR(p) = a
∫
x
e−ipx
δ(2)Γ
δΨ′L(x)δψ¯
′
R(0)
≃ aM(p). (43)
In the high-energy region p = p˜a+ πA, the propagators of these charged and massive Dirac
fermions are obtained by the strong coupling expansion,
SLc (p) =
∫
x
e−ipx〈ΨLc (0)Ψ¯
L
c (x)〉 ≃
i
a
γµ sin(p)
µ +M(p)
1
a2
sin2 p+M2(p)
δL ≃
iγµp˜
µ + 1
a
p˜2 + ( 1
a
)2
δL, (44)
SRc (p) =
∫
x
e−ipx〈ΨRc (0)Ψ¯
R
c (x)〉 ≃
i
a
γµ sin(p)
µ +M(p)
1
a2
sin2 p +M2(p)
δR ≃
iγµp˜
µ + 1
a
p˜2 + ( 1
a
)2
δR, (45)
where δL,R are the identity matrices respectively associating to the gauge groups in the left-
and right-handed sectors of the RSM. The gauge-invariant mass term is given by
ψ¯LΨR|ren + Ψ¯R|renψL, ψ¯RΨL|ren + Ψ¯L|renψR, (46)
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at the mass scale 1/a.
All these three-fermion states (with the dimension [a1/2]) and massive Dirac fermions
are formed in the high-energy region pµ ≃ πA, extra fermion species (doublers) at pµ ≃ πA
are thus decoupled from the low-energy spectrum. Note that these massive Dirac fermions
can be degenerate, provided we properly make the wave-function renormalization for each
fermion (doubler) at p ≃ πA in the edges of the Brillouin zone. The three-fermion doublets
(38) and singlets (39) are not only the eigen-states of the gauge invariant mass M(p), but
also eigen-states of gauge interactions of the RSM so that their mass terms (46) preserve
chiral gauge symmetries of the RSM.
VI. MASSIVE BOSON STATES IN THE RSM
For strong four-fermion interactions (6) and (7), i.e., 1PI vertices (26) and (27) for
p, p′ ∼ πA, a
2g1 → 0 and a
2g2 ≫ 1, two types of massive composite scalar fields ΦL and
ΦR are formed. In this section, we discuss the charges and masses of these composite scalar
fields:
For the left-handed sector,
ΦL = χ¯R · ψL, ψL =

 ν
e


L
,

u
d


L
; · · ·, (47)
ΦR = χ¯L · ψR, ψR = eR, uR, dR; · · ·. (48)
The real and imaginary parts of ΦL are four composite scalars
Φ1L =
1
2
(ψ¯L · χR + χ¯R · ψL)
Φ2L =
i
2
(ψ¯L · χR − χ¯R · ψL). (49)
The real and imaginary parts of ΦR are two composite scalars
Φ1R =
1
2
(ψ¯R · χL + χ¯L · ψR)
Φ2R =
i
2
(ψ¯R · χL − χ¯L · ψR). (50)
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These boson states ΦL and ΦR respectively have the same gauge charges as that of ψL and
ψR, but carry the charges of global symmetries UχR(1) and UχL(1). By the strong coupling
expansion, analogously to the analysis given in ref. [24], we compute these composite scalars
and their propagators:
GL(q) =
∫
x
e−iqx〈ΦL(0),Φ
†
L(x)〉, (51)
GR(q) =
∫
x
e−iqx〈ΦR(0),Φ
†
R(x)〉, (52)
where q = p′ − p is the energy-momentum transfer and p, p′ ∼ πA, q ∼ 0. Making wave-
function renormalization,
ΦrL = (Z
b
L)
−1(πA)ΦL, Z
b
L(p) = 2w(p), (53)
ΦrR = (Z
b
R)
−1(πA)ΦR, Z
b
R(p) = 2w(p), (54)
we find the propagators for these massive composite scalar modes,
GL(q) =
δL
4
a2
∑
µ sin
2 qµ
2
+ µ2
; (55)
GR(q) =
δR
4
a2
∑
µ sin
2 qµ
2
+ µ2
; (56)
µ2 = 4(g2 −
2
a2
) > 0, (57)
which δL,R are factors stemming from the gauge group of the left- and right-handed sectors.
The ZbL(p) and Z
b
R(p) are form factors of the scalar fields ΦL and ΦR. They are constants
for p ≃ πA and vanishing for p ∼ 0.
The positive mass terms in these boson propagators (µ2 > 0) indicate that the 1PI func-
tions relating to gauge invariant operators ΦrLΦ
r†
L (dimension-2), Φ
r
LΦ
r†
L Φ
r
LΦ
r†
L (dimension-4)
in the left-handed sector and the counterparts ΦrRΦ
r†
R , Φ
r
RΦ
r†
RΦ
r
RΦ
r†
R in the right-handed sec-
tor are definitely positive. This means that a2g2 ≫ 1 is a symmetric phase, no spontaneous
symmetry-breaking and the energy of ground states of the RSM is bound from the bellow.
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VII. VECTORLIKE GAUGE COUPLING VERTICES IN THE RSM
The gauge symmetries SULc (3)⊗SUL(2)⊗U
L
Y (1) in the left-handed sector and SU
R
c (3)⊗
URY (1) in the right-handed sector of the RSM are respectively realized by the vectorlike
Dirac spectra (31), 32), (40) and (41) in the high-energy region. In this section, we turn on
gauge fields of the RSM as dynamical fields to examine the 1PI interacting vertices of gauge
and fermion fields. The 1PI functions of gauge-fermion couplings in general are made by
all possible gauge invariant operators comprising by Dirac fields (e.g.,(40)) and gauge links
Uµ. However, low-dimension relevant operators are important for perturbative expansion
Uµ ≃ 1 + iaAµ + · · ·.
We first discuss such 1PI vertex functions in the neutral sectors of the RSM, since they
can be exactly obtained by theWard identities (15) and (16). Then, we discuss the 1PI vertex
functions of gauge-fermion couplings in the left- and right-handed sectors of the RSM. Both
of them can be respectively obtained by the Ward identities associating to gauge symmetries
and the strong coupling expansions.
Decoupling of the neutral sectors. We consider all possible 1PI interacting vertices involving
external gauge field A′µ and fermion fields χ
′
R,Ψ
′n
R and χ
′
L,Ψ
′n
L in the neutral sectors of the
RSM. Based on the Ward identities (15) and (16) of the χR- and χL-shift-symmetries, we
take functional derivatives with respect to the external gauge field A′µ, fermion fields χ
′
R, χ
′
L
and Ψ′nL ,Ψ
′n
L , to obtain the following Ward identities:
δ(2)Γ
δA′µδχ¯
′
R
=
δ(3)Γ
δA′µδχ
′
Rδψ¯
′
L
=
δ(3)Γ
δA′µδΨ
′n
Rδχ¯
′
R
= · · · = 0, (58)
for the left-handed sector, and
δ(2)Γ
δA′µδχ¯
′
L
=
δ(3)Γ
δA′µδχ
′
Lδψ¯
′
R
=
δ(3)Γ
δA′µδΨ
′n
L δχ¯
′
L
= · · · = 0, (59)
for the right-handed sector. These Ward identities show the identical vanishing of all inter-
acting 1PI functions containing external gauge field A′µ, fermion fields χ
′
R,Ψ
′n
R in the left-
handed sector and χ′L,Ψ
′n
L in the right-handed sector. This indicats no any interactions be-
tween the gauge field Aµ and neutral fermions χR,Ψ
n
R;χL,Ψ
n
L. It should be emphasized that
20
this decoupling is valid not only for perturbative gauge-interaction but also non-perturbative
gauge-interaction, since the RSM action (10) is exactly chiral-gauge symmetric and χL- and
χR-shift-symmetric for any values of gauge couplings.
As a result, the left- and right-handed neutral currents jµR and j
µ
L associating to the
global symmetries UχR(1) and UχL(1) for two sterile neutrinos χR and χL:
jµR = iχ¯Rγ
µχR, ∂µj
µ
R = 0; (60)
jµL = iχ¯Lγ
µχL, ∂µj
µ
L = 0; (61)
are exactly conserved and no anomalous contribution is expected from the topological gauge
configuration. This is a very important feature, which we will see later in section (X), for
obtaining the gauge anomaly and fermion-flavour singlet anomalies relating to violations
of the UL(1)-symmetry (the number of the fermion field ψL in the left-handed sector) and
UR(1)-symmetry (the number of the fermion field ψR in the right-handed sector).
Vectorlike gauge couplings. Since the massive Dirac fermions (40) and (41) are vectorially
gauged, all 1PI functions of gauge-fermion couplings must be vectorlike. In order to reveal
the vectorlike feature of the 1PI functions of gauge-fermion couplings, in terms of pertur-
bative gauge fields Aµ order by order, we consider the 1PI functions of Dirac fermions (40)
and (41) coupling to Aµ.
In the left-handed sector, the interacting 1PI vertex function between the perturbative
gauge fields Aµ and renormalized charged Dirac fermion Ψ
L
c (40) is related to the following
three-point Green functions,
〈ΨLc (x1)Ψ¯
L
c (x)Aν(y)〉 = 〈ψL(x1)ψ¯L(x)Aν(y)〉+ 〈ψL(x1)Ψ¯R(x)|renAν(y)〉
+ 〈ΨR(x1)|renψ¯L(x)Aν(y)〉+ 〈ΨR(x1)|renΨ¯R(x)|renAν(y)〉, (62)
and
∫
x1xy
ei(p
′x+px1−qy)〈ΨLc (x1)Ψ¯
L
c (x)Aν(y)〉=Gνµ(q)S
L
c (p)Λ
L
µc(p, p
′,ΨR|ren)S
L
c (p
′), (63)
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where p, p′ ∼ πA are the external momenta of fermion fields and transfer momentum q =
p − p′. The ΛLµc(p, p
′,ΨR|ren) is the renormalized 1PI vertex function of the gauge-fermion
couplings in the left-handed sector. SLc (p) is the propagator (44) of the renormalized charged
Dirac fermion ΨLc (40). From eq.(62), this renormalized 1PI vertex function can be written
as,
ΛLµc(p, p
′,ΨR|ren) = Λ
L
µLL(p, p
′) + ΛLµLR(p, p
′,ΨR|ren)
+ ΛLµRL(p, p
′,ΨR|ren) + Λ
L
µRR(p, p
′,ΨR|ren). (64)
In the right-handed sector, the interacting 1PI vertex function between the gauge fields
Aµ and renormalized charged Dirac fermion Ψ
R
c (41) is related to the following three-point
Green functions,
〈ΨRc (x1)Ψ¯
R
c (x)Aν(y)〉 = 〈ψR(x1)ψ¯R(x)Aν(y)〉+ 〈ψR(x1)Ψ¯L(x)|renAν(y)〉
+ 〈ΨL(x1)|renψ¯R(x)Aν(y)〉+ 〈ΨL(x1)|renΨ¯L(x)|renAν(y)〉, (65)
and
∫
x1xy
ei(p
′x+px1−qy)〈ΨRc (x1)Ψ¯
R
c (x)Aν(y)〉=Gνµ(q)S
R
c (p)Λ
R
µc(p, p
′,ΨL|ren)S
R
c (p
′), (66)
where p, p′ ∼ πA are the external momenta of fermion fields and transfer momentum q =
p − p′. The ΛRµc(p, p
′,ΨL|ren) is the renormalized 1PI vertex function of the gauge-fermion
couplings in the right-handed sector. SRc (p) is the propagator (45) of the renormalized
charged Dirac fermion ΨRc (41). From eq.(65), this the renormalized 1PI vertex function can
be written as,
ΛRµc(p, p
′) = ΛRµRR(p, p
′) + ΛRµRL(p, p
′,ΨL|ren)
+ ΛRµLR(p, p
′,ΨL|ren) + Λ
R
µLL(p, p
′,ΨL|ren). (67)
Each term in the 1PI vertex functions (64)) and (67) can be explicitly computed by the
strong coupling expansion and perturbative expansion of small gauge couplings order by
order [33]. The 1PI vertex functions (64) and (67) can be divided into two parts: the first
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part without external three-fermion doublets(singlets) ΨR|ren(ΨL|ren); the second part with
external three-fermion doublets(singlets) ΨR|ren (ΨL|ren). In eqs.(64) and (67), the second
and third terms, p′ is the external momentum of three-fermion doublets(singlets), while in
the last term, both p′ and p are the external momenta of three-fermion doublets(singlets).
Ananlogously to the analysis in ref. [33]), we can show that the renormalized 1PI vertex
functions (64) and (67) precisely obey the following Ward identities of the exact chiral
gauge symmetries of the RSM at the lattice scale 1/a. The Ward identity associating to the
SULc (3)⊗ SUL(2)⊗ U
L
Y (1) gauge symmetries of the left-handed sector is given by,
(
i
a
)
(sin pµ − sin p
′
µ)Λ
L
µc(p, p
′,ΨR|ren) =
(
SLc (p)
)−1
−
(
SLc (p
′)
)−1
. (68)
The Ward identity associating to the SULc (3)⊗U
R
Y (1) gauge symmetries of the right-handed
sector is given by,
(
i
a
)
(sin pµ − sin p
′
µ)Λ
R
µc(p, p
′,ΨL|ren) =
(
SRc (p)
)−1
−
(
SRc (p
′)
)−1
. (69)
In eqs.(68) and (69), the gauge coupling and gauge group generators are eliminated from
the vertex functions ΛLµc(p, p
′,ΨR|ren) and Λ
R
µc(p, p
′,ΨL|ren). Eqs.(68) and (69) show that the
exact chiral gauge symmetries are preserved by the vectorlike and massive spectra of Dirac
fermions (40) and (41) in the RSM.
Gauge coupling to boson states. Massive boson states ΦrL couple to the gauge fields of
SULc (3)⊗ SUL(2)⊗U
L
Y (1) in the left-handed sector. Massive boson states Φ
r
R couple to the
gauge fields of SULc (3)⊗ U
L
Y (1) in the right-handed sector. the 1PI functions of the gauge-
boson couplings can be constructed by gauge invariant operators comprising field operators
ΦrL and Uµ (Φ
r
R and Uµ), analogously to the 1PI functions of elementary scalar fields coupling
to gauge fields.
VIII. THE LOW-ENERGY SCALING REGION FOR THE RSM
In previous sections, we have discussed the spectra of fermions and bosons and their
gauge-couplings for p ∼ πA and a
2g2 ≫ 1. In this section, we turn to discussions of the
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spectra and gauge-couplings in the low-energy region where p = ap˜→ 0 and a2g2 ≫ 1. We
first briefly recall the the low-energy scaling region advocated in the SUL(2) model [24].
The low-energy scaling region. In the SUL(2) model, it is shown there exists a low-energy
scaling region in a peculiar segment in the phase space of the four-fermion couplings g1, g2:
A =
[
g1 → 0, g
c,a
2 < g2 < g
c,∞
2
]
, a2gc,a2 = 0.124, 1≪ g
c,∞
2 <∞, (70)
for chiral SUL(2)-gauged fermions in the low-energy limit p = ap˜ → 0. g
c,∞
2 is a finite
number and gc,a2 indicates the critical value above which the effective four-fermion couplings
relevant to all doublers (p ∼ πA) are strong enough, so that all doublers are gauge-invariantly
decoupled, as very massive Dirac fermions. In refs. [32] and [33], by using Ward identities,
strong and weak couplings expansions, as well as the analytical properties of 1PI functions in
the energy-momentum space, we discuss the phenomenon of three-fermion states dissolving
into corresponding three-fermion cuts, because three-fermion state’s mass-gaps and form
factors vanish in this low-energy scaling region.
The low-energy scaling region of the RSM must be the qualitatively same as the low-
energy scaling region A (70) of the SUL(2) model for the reasons that
• (i) the left- and right-handed sectors of the RSM are completely decoupled;
• (ii) both sectors have the same type and strength of four-fermion couplings g2 as that
of the SUL(2) model. The gauge symmetries and global symmetries of each sector are
analogous to that of the SUL(2) model. The only difference is just fermion contents,
which must not qualitatively change dynamics of realizing the low-energy scaling region
A (70).
We first stress the crucial points for the dynamics of the four-fermion interactions (6) and
(7) of the RSM to realize this low-energy scaling region A: (i) 1PI functions for four-fermion
interactions (26) and (27) do not receive any vertex-function renormalizations and vanish as
the energy-momenta of the sterile neutrinos χR and χL go to zero; (ii) no hard spontaneous
24
symmetry-breakings take place (23,24,25); (iii) the mass-gaps and form factors of three-
fermion doublets ΨR|ren, singlets ΨL|ren and neutral states Ψ
n
R,L|ren vanish in the low-energy
scaling region.
The dissolving phenomenon. The three-fermion states: neutral singlets ΨnR,L|ren (31,32),
charged doublets ΨR|ren (40) and charged singlets ΨL|ren (41), are characterized by their
binding energies M(p)’s (mass-gaps) and form factors Z(p)’s. M(p)’s and Z(p)’s are respec-
tively related to the poles and residues of the composite Dirac fermion propagators (36),
(44) and (45) (see section V). They are obtained by the Ward identities (15,16) and strong
coupling expansion for p ≃ πA and a
2g2 ≫ 1. The explicit expressions for M(p)’s and
Z(p)’s are given in eqs.(33,34) and (42,43), which are energy-momentum dependent. Since
the total action (10) of the RSM is local, all 1PI functions are continuous and analytical
functions in the energy-momentum space. Given a fixed value of the four-fermion couplings
a2g2 ≫ 1, we can analytically continue M(p)’s and Z(p)’s that obtained in the high-energy
region p ≃ πA to the low-energy region p→ 0. For p ∼ 0, we have,
M(p)′s→ O(p4), Z(p)′s→ O(p4), (71)
which are on the other hand verified by the weak coupling expansion for p→ 0 and a2g2 ≫ 1
[32].
Due to the vanishing of form factors Z(p)’s for p ∼ 0 (71), we are not allowed to make the
wave-function renormalizations in eqs.(31,32,40) and (41). The Dirac fermion propagators
(36), (44) and (45) for the neutral three-fermion states ΨnR,L and the charged three-fermion
states ΨR,ΨL are no longer valid for p → 0 and thus do not represent massless poles at
p = 0. In fact, the two-point Green functions of the composite operators ΨnR,L, ΨR and ΨL
go to zero, because their residues go to zero when p→ 0 (71). This means that as discussed
in the (11112) model and SUL(2) model in refs. [32,33,35], the three-fermion states: the
doublets ΨL and singlets ΨR of the charged sector; the singlets Ψ
n
R,L of the neutral sector
dissolve into the corresponding three-fermion cuts,
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ΨR → C[ΨR], ΨL → C[ΨL], Ψ
n
R,L → C[Ψ
n
R,L]. (72)
These three-fermion cuts C[ΨR], C[ΨL] and C[Ψ
n
R,L] are the virtual states possessing the same
quantum numbers as three-fermion states ΨR,ΨL and Ψ
n
R,L so that such a dissolving process
is gauge invariant.
Analogously, the wave-function renormalizations ZbL(p) (53) and Z
b
R(p) (54) of the com-
posite scalar fields ΦL and ΦR vanish for p → 0. This indicates the composite scalar fields
ΦL and ΦR respectively dissolve into following two-fermion cuts,
ΦL → C[ΦL], ΦR → C[ΦR], (73)
where C[ΦL] ∼ (ψL, χR) and C[ΦR] ∼ (ψR, χL) carrying the same quantum charges as ΦL and
ΦR. This is well-known as the composite condition of composite scalar particles [38,39]. As
the composite scalar fields dissolve into two-fermion cuts, the 1PI functions of gauge-boson
couplings vanish. In the meantime, the four-fermion coupling a2g2 ≫ 1 so that µ
2 > 0 in
eq.(57) and the low-energy scaling region A is in the symmetric phase.
This indicates that in the low-energy scaling region located at the segment A, all 1PI
functions with external three-fermion states ΨR,ΨL,Ψ
n
R,L and boson states ΦL,ΦR whose
energy-momenta p go to zero, vanish and become irrelevant. As has been shown, all 1PI
functions with external sterile neutrinos χR and χL vanish as well in the low-energy scaling
region A. As a consequence, in this low-energy scaling region, the low-energy spectra p ∼ 0
are those chiral fermions ψL and ψR of the SM, in addition to, two free sterile neutrinos
χR and χL . There must be an intermediate scale ǫc of the energy-momentum threshold on
which the dissolving phenomenon occurs:
v˜ ≪ ǫc ≪
π
a
, v˜ ∼ 250GeV, (74)
where v˜ is the electroweak scale, which will be discussed in section (XI). The intermediate
scale ǫc is the scale of separating the massive Dirac spectra (40), (41), (31) and (32) from
the massless chiral spectra ψL and ψR. The low-energy scaling region on the segment A can
be defined as,
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Ω = [0, ǫc]
4, p˜ < ǫc ≪
π
2a
, p = ap˜→ 0, (75)
in the Brillouin zone of the energy-momentum space, where p˜ is the physical momentum.
In Eq.(74), the value of the intermediate scale ǫc of the dissolving phenomenon depends on
the value of the four-fermion coupling a2g2.
This is reminiscent of the papers [38] discussing whether helium is an elementary or
composite particle based on the vanishing of wave-function renormalizations of composite
states. It is normally referred to as the composite condition that the wave-function renor-
malizations of bound states go to zero (Z → 0) [39]. So far, we only give an intuitive and
qualitative discussion of the dissolving phenomenon on the basis of the relations between
the residues (generalized form factors) ZbL,R(p), renormalized three-fermion-states and vir-
tual states of three individual fermions (three-fermion-cut). Evidently, we are bound to do
some dynamical calculations to show this phenomenon could happen.
Chiral gauge couplings. Within the low-energy scaling region Ω (75), all 1PI functions con-
taining external three-fermion states vanish. This is due to the wave-function renormaliza-
tions Z(p)’s of three-fermion states vanish for external momenta p → 0. The first, second
and last terms of gauge-fermion interacting vertices ΛLµc(p, p
′) (64) and ΛRµc(p, p
′) (67) vanish
for p→ 0, p′ → 0. As a result, ΛLµc(p, p
′) and ΛRµc(p, p
′) reduce to ΛLµLL(p, p
′) and ΛRµRR(p, p
′).
These 1PI vertex functions of gauge-fermion coupling vertices in the RSM reduce to the
counterparts of the SM up to some local counterterms [25,33]. The Ward identities (68) and
(69) are reduced to their counterparts of the SM,
(
i
a
)
(sin pµ − sin p
′
µ)Λ
L
µLL(p, p
′) = S−1LL(p)− S
−1
LL(p
′), p′, p ∈ Ω (76)
(
i
a
)
(sin pµ − sin p
′
µ)Λ
R
µRR(p, p
′) = S−1RR(p)− S
−1
RR(p
′), p′, p ∈ Ω (77)
where SLL(p) and SRR(p) are the propagators of the elementary chiral fermions ψL and ψR of
the SM. These Ward identities (76) and (77) are consistent with the SUc(3)⊗SUL(2)⊗UY (1)
chiral gauge symmetries realized by the chiral spectra ψL and ψR.
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All discussions in this section are on the basis that (i) the 1PI vertex functions (64,67) are
computed by the strong coupling expansion for p′, p ≃ πA a
2g2 ≫ 1 in the segment A (70);
(ii) the 1PI vertex functions (64,67) are analytically extrapolated to p′, p ∼ 0, guaranteed
by the locality of the RSM. However, on the other hand, we directly compute these 1PI
vertex functions in the region of p′, p → 0 by the weak coupling expansion [32] and obtain
consistent results. The properties discussed in this section are the crucial issue of the RSM,
which needs to be verified by further numerical simulations.
IX. THE SCENARIO IN THE LOW-ENERGY SCALING REGION
We summarize the scenario (spectra and 1PI functions) of the RSM in the low-energy
scaling region Ω (75) located in the segment A(70) in this section. Given a doublet ψL and
a singlet ψR in one generation of the SM, the massive spectra in the RSM are:
• (i) 15 massive Dirac fermions (doublets) ΨLc (44) vectorially coupling to the gauge fields
of the SULc (3)⊗SUL(2)⊗U
L
Y (1) symmetries with the relevant 1PI vertex function (64)
in the left-handed sector of the RSM;
• (ii) 15 massive Dirac fermions (singlets) ΨRc (45) vectorially coupling to the gauge
fields of the SULc (3)⊗U
R
Y (1) symmetries with the relevant 1PI vertex function (67) in
the right-handed sector of the RSM;
• (iii) 15+15 neutral massive Dirac fermions (singlets) (36) being decoupled consistently
with the global symmetries UχL(1)⊗UχR(1) in the both left- and right-handed sectors
of the RSM;
• (iv) a massive and SULc (3) ⊗ SUL(2) ⊗ U
L
Y (1) charged boson (a complex multiplet)
in the left-handed sector; a massive and SURc (3) ⊗ U
R
Y (1) charged boson (a complex
multiplet) in the right-handed sector,
their mass-terms are at the lattice scale 1/a.
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The massless fermions are:
• (i) the massless chiral fermions ψL and ψR of the SM, whose propagators are
S−1LL(p˜) = iγµp˜
µZ˜L2 δLPL, S
−1
RR(p˜) = iγµp˜
µZ˜R2 δRPR, (78)
chirally coupling to gauge fields of the SUc(3) ⊗ SUL(2) ⊗ UY (1) gauge group of the
SM and the gauge coupling vertices ΛLµLL(p, p
′) (76) and ΛRµRR(p, p
′) (77) (p, p′ ∈ Ω)
are consistent with that of the SM up to some local counterterms;
• (ii) two sterile chiral fermions χR ≡ νR and χL, whose propagators are
S−1nL(p˜) = iγµp˜
µPL, S
−1
nR(p˜) = iγµp˜
µPR, (79)
being free particles.
The wave-function renormalizations Z˜L2 and Z˜
R
2 in eq.(78) respectively are due to the four-
fermion interactions (6) and (7), namely, the normal mode (p ∼ 0) of ψL [ψR] is self-
scattering via the weak four-fermion coupling (6)[(7)] without pairing up with any other
modes [24]. The neutral massive and massless fermion-sectors (36,79) are entirely decoupled
from gauge fields. In addition, the global chiral symmetries held in the action (10) of the
RSM, for instances, UL,R(1) for the fermion numbers of ψL and ψR; UχL,χR(1) for the fermion
numbers of χL and χR are preserved. However, UL,R(1) symmetries are anomalous due to
the instanton effect discussed in the next section.
High-dimension 1PI functions (d=dimension) at the tree-level (in the action) can in
principle induce low-dimensional 1PI functions, If this is allowed by symmetries which are
not spontaneously broken. The four-fermion interactions (6) and (7) given in the action
(10) are dimension-10 operators (1PI functions). We demonstrate there are not any 1PI
functions mixing the left- and right-handed sectors of the RSM, due to the exact χR- and
χL-shift-symmetries. In the both left- and right-handed sectors, we are interested in the
relevant 1PI functions with the dimensions d ≤ 4 in the low-energy scaling region. The
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irrelevant 1PI functions with dimensions d > 4 vanish in the low-energy scaling region as
O(ad−4) and we are left with the relevant 1PI functions with d ≤ 4.
Apart from the relevant 1PI functions (d ≤ 4) with external momenta both p ∼ πA
and p ∼ 0, which are intensively discussed in previous sections, we show as examples the
1PI vertex functions (d > 4), induced by the four-fermion interactions (6) and (7) in the
absence of gauge fields. Based on the exact SULc (3)⊗SUL(2)⊗U
L
Y (1) chiral symmetries and
χR-shift-symmetry in the left-handed sector of the RSM, one can straightforwardly obtain
non-vanishing and gauge invariant 1PI functions with external momenta p ∼ πA at the
lattice scale: the dimension-5 1PI functions are ψ¯LψLΦ
r
LΦ
r†
L , Ψ¯
L
cΨ
L
c Φ
r
LΦ
r†
L and Ψ¯
n
LΨ
n
LΦ
r
LΦ
r†
L
(d = 5), as well as 1PI functions d > 5. In the right-handed sector, the counterparts of the
non-vanishing and gauge invariant 1PI functions are obtained by replacing the subscript L
by R, with respect to the gauge symmetries SURc (3)⊗ U
R
Y (1). By adding the link variable
Uµ(x) of gauge fields to the dimension-5 1PI functions, the gauge invariance of these 1PI
functions is preserved and their dimensions are not changed. The gauge invariance of these
high-dimension 1PI functions, though they are irrelevant in the low-energy scaling region, is
very important, since they can be relevant at the lattice scale. As a result, non-perturbative
(amplitude ∼ O(1/a)) and non-smooth (correlation ∼ (O(a)) variations of longitudinal
gauge fields at the lattice scale are completely eliminated by the chiral gauge symmetric and
vectorlike spectra of massive Dirac fermions.
The perturbative expansion of the link variable Uµ(x) in terms of small gauge fields Aµ
only increases dimensions of these 1PI functions, those with d > 4 are irrelevant in the
low-energy scaling region Ω located at A, and the SM appears as an asymptotic chiral gauge
theory of the RSM in the scaling limit ap˜→ 0.
X. ANOMALIES
On the basis of the scenario of fermion spectra and 1PI vertex functions presented in
section (IX), we discuss gauge anomalies, fermion-singlet anomalies (the B − L number
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violation) and the Witten SUL(2) global anomaly. We disregard the neutral fermions both
composite fields ΨnL,R and elementary fields χL,R, because they completely decouple to gauge
fields.
Gauge anomalies. In order to obtain the gauge anomalies produced by charged fermions,
we compute the following n-point 1PI functional:
Γ
(n)
{µ} =
δ(n)Γ(A′)
δA′µ1(x1) · · · δA
′
µj
(xj) · · · δA′µn(xn)
, (80)
where j = 1···n, (n ≥ 2) and Γ(A′) is the vacuum functional of the external gauge field A′. In
terms of perturbative (amplitude ∼ O(a)) and smooth (correlation ∼ O(1/a)) gauge fields,
the perturbative computations of the 1PI vertex functions Γ
(n)
{µ} can be straightforwardly
performed by adopting the method presented in ref. [40] for the lattice QCD. Dividing the
integration of internal momenta (internal fermion loop) into 16 hypercubes in the Brillouin
zone. The first hypercube where the chiral fermions ψL and ψR live is the low-energy scaling
region Ω given by eq.(75), while the other 15 hypercubes, at edges of the Brillouin zone,
where massive Dirac fermions ΨLc (44) and Ψ
R
c (45) live are given by D
′s,
D′s : p ∼ πA. (81)
We totally have 16 contributions to the truncated n-point 1PI functional (80).
Analogous to the massive Dirac doublers in the lattice QCD [40], the massive spectra of
charged Dirac fermions ΨLc (40,44) and Ψ
R
c (41,45) in D
′s are vectorlike consistently with the
gauge symmetries SULc (3)⊗SUL(2)⊗U
L
Y (1) and SU
L
c (3)⊗U
R
Y (1) respectively in the left- and
right-handed sectors of the RSM. By using a continuous regularization in each hypercube of
D′s, we make perturbative computations (80), analogously to the ananlysis in ref. [33], and
show these vectorlike and massive Dirac fermions do not have any contributions to non-local
gauge anomalies. This is a nature result from the vectorlike Ward identities (68) and (69).
Beside, these massive Dirac fermions and their relevant 1PI functions preserve both UL(1)
and UR(1) symmetries, thus do not contribute to the fermion-singlet anomalies. However,
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computations give rise to some finite local gauge variant terms that are due to the divisions
of the Brillouin zone into hypercubes.
In the first hypercube Ω (75), to obtain the gauge anomalies attributed to the chiral
fermions ψL and ψR, we perturbatively compute 1PI-functional (80) by adopting the Pauli-
Villars regularization with finite number of Pauli-Villars massive fermion regulators at the
scale ǫc. The non-trivial contributions to the gauge anomalies are given by
Γi=1µνα(p, q)=
∫
Ω
d4k
(2π)4
tr
[
S(k+
p
2
)Γµ(k)S(k−
p
2
)Γν(k−
p+q
2
)S(k−
p
2
−q)Γα(k−
q
2
)
]
+(ν ↔ α), (82)
where the propagators S(p) = SLL(p), SRR(p) and vertices Γµ = Λ
L
µLL,Λ
R
µRR given by
eqs.(76,77). As a result, modulo possible finite local counterterms, we obtain the consistent
gauge anomalies for the SUL(2)⊗ UY (1) symmetries, which are the same as the continuum
counterpart and proportional to,
∑
doublets
tr(T aT aYL) = 0, (83)
where T a is a component of the SUL(2) weak isospin and YL denotes the UY (1) weak hyper-
charge of the doublets ψL in the left-handed sector, comprising the left-handed lepton and
quark doublets. This gauge anomalies (83) vanish due to the fermion content of the SM.
The gauge anomalies of SUL,Rc (3) gauge symmetries of quark fields are canceled between
the left- and right-handed quark sectors. Other contributions containing anomalous vertices
(ψψ¯AA, ψψ¯AAA) vanish within the hypercube Ω = [−ǫc, ǫc]
4.
As already mentioned, the finite local gauge variant terms are raised from perturbative
calculations by using the Pauli Villars regularization in each hypercube of the Brillouin
zone. These finite local gauge variant terms called as the residual breakings R(ǫc) are
gauge symmetry-breakings at the scale of O(ǫc), rather than the lattice scale O(π/a). These
residual breakings R(ǫc) are only relevant to the external gauge fields (the transverse and
longitudinal components) with small fluctuations (O(ǫc)) and smooth correlations (O(1/ǫc))
at the scale ǫc ≪ π/a (74). Since the gauge anomalies are canceled within the fermion
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content and the vacuum functional (80) is determined up to finite local counterterms, we
are allowed to self-consistently add appropriate finite local counterterms to eliminate these
residual breakings R(ǫc), in order to achieve an asymptotically chiral gauge field theory
for the SM in the low-energy limit. This is the same as the procedures in the normal
renormalization prescription of quantum field theories in the continuum. We would like to
point out that these residual breakings R(ǫc) produced artifically by using the Pauli-Villars
regularizations in each hypercube of the Brillouin zone must exactly cancel each other on
the basis of the arguments that (i) gauge symmetries are exactly preserved; (ii) all 1PI
functions are analytically continuous from one hypercube to another for the locality of the
RSM. However, this has to be rigorously proved.
To be consistent with the manifest chiral gauge symmetries of the RSM both the action
(10) and fermionic measure, the gauge anomaly (83) and residual breakings R(ǫc) must be
canceled within the fermion content of the theory. Otherwise, the vectorlike spectrum of
fermion zero modes must appear, either doublers do not decouple or the three-fermion-states
ΨR and ΨL do not dissolve into their three-fermion-cuts and become massless Weyl particles
in the low-energy region. From this point of view, we see the anomaly-cancelation by the
fermion content is a necessary condition for this scenario to work.
Fermion number violations. To compute the B+L number violation, i.e., the flavour-singlet
anomaly due to the SUL(2) instanton effect, we can adopt the approach of computing the
mixing anomalies [33,41]. Because the sterile neutrinos χL and χR are completely decoupled
from gauge fields (see eqs.(60) and (61)), the global symmetries UχL(1) and UχR(1) cannot
be mixed with the SUL(2) as a commuting U(1) factor in the SUL(2) gauge group. There-
fore, there is no any mixing anomalies between UχL,χR(1) and SUL(2), otherwise the sterile
neutrinos χL and χR would not be decoupled from gauge fields (cf. section 6 in ref. [33]).
Let us first consider the lepton sector: doublets ψlL and singlets ψ
l
R. The U(1) symmetry
for the lepton number U l(1) = UL(1) = UR(1) in the lepton sector. U
l(1) associates to the
flavour-singlet Noether current of leptons:
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jLµ = iψ¯
l
Lγµψ
l
L + iψ¯
l
Rγµψ
l
R; ∂
µjLµ (x) = 0, (84)
where the conservation of the current jLµ (x) is held at the tree level, since the action (10)
of the RSM processes UL(1) and UR(1) global symmetries. Eq.(84) corresponds to the
conservation of the lepton numbers. However, as we know, eq.(84) should be anomalous.
We compute this anomaly by using the “mixing” gauge group SUL(2) ⊗ U
l(1). Following
computations (82) for the gauge anomaly (83), we just need to replace the hypercharge Y in
(83) by the generator of U l(1) for the lepton sector. In the first hypercube Ω, actually, only
the left-handed doublets of leptons have contributions to the anomaly. No any contributions
are stemming from the hypercubes D (81) where Dirac fermions are vectorlike. Up to gauge
invariant local counterterms, we obtain
∂σjLσ =
i
32π2
F˜ µνFµν , (85)
where F is the field strength of the SUL(2) gauge group.
Then we consider the quark sector: doublets ψqL and singlets ψ
q
R. The U(1) symmetry
for the baryon number U b(1) = (UL(1))
3 = (UR(1))
3 for the quark sector. U b(1) associates
to the flavour-singlet Noether current of quarks:
jBµ = i
∑
q
(
ψ¯qLγµψ
q
L + ψ¯
q
Rγµψ
q
R
)
; ∂µj
B
µ (x) = 0, (86)
where
∑
q is the summation of all colours and the conservation of the current j
q
µ(x) is held at
the tree level, since the action (10) of the RSM processes UL(1) and UR(1) global symmetries.
Eq.(86) corresponds to the conservation of the baryon numbers, which is 3 times of the quark
numbers. However, as we know, eq.(86) should also be anomalous. We compute this anomaly
by using the “mixing” gauge group SUL(2)⊗U
q(1). Analogously, in the computations (82)
for the gauge anomaly (83) and we replace the hypercharge Y in (83) by the generator of
U b(1), and sum over colours in the quark sector. Analogously, up to gauge invariant local
counterterms, we obtain
∂σjBσ =
i
32π2
F˜ µνFµν . (87)
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These results (85) and (87) lead to the B − L number conservation and B + L number
violation,
∂σ(jBσ − j
L
σ ) = 0
∂σ(jBσ + j
L
σ ) =
i
16π2
F˜ µνFµν . (88)
We emphasize crucial points for achieving the correct form of the B+L number violation
(88) up to gauge invariant local counterterms in this scenario. (i) The composite three-
fermion-states ΨR and ΨL dissolve into their three-fermion-cuts C[ΨR] and C[ΨL], in another
word, no massless composite three-fermion-states ΨR and ΨL exist in the low-energy scaling
region Ω (75). (ii) The complete decoupling of the massless sterile fermions χR and χL from
gauge fields, which leads to the current conservations (60,61). (iii) The exact chiral gauge
symmetry for both the gauge anomaly (83) and residual breakings R(ǫc) are eliminated.
In the fermion content of the SM, we certainly have the possibilities of fermion-number
violating, chiral gauge symmetric four-fermion couplings at the lattice scale. The nice exam-
ples are given in refs. [5,26]. The low-energy scaling region for the desired gauge symmetric
spectrum of the SM could be achieved and these fermion-number violating four-fermion
couplings would be relevant operators in such a scaling region to give the B + L fermion
number violation.
Before ending this section, we mention that the SUL(2) global anomaly of the Witten
type [42] appears for odd numbers of left-handed SUL(2) doublets. Thus, we do not find
any inconsistency due to the Witten anomaly in the RSM, since there are even numbers of
left-handed SUL(2) doublets ψL for leptons and quarks in the low-energy scaling region.
XI. SOFT BREAKINGS
Residual breakings. In the RSM, both the action (10) at the lattice scale and the low-energy
scaling region A (70) are exactly chiral-gauge invariant. The non-perturbative fluctuations
of longitudinal gauge fields at the lattice scale are thus eliminated. Nevertheless, in the
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practice of perturbatively computing 1PI functions in terms of small gauge fields, we have
to artificially divide the whole Brillouin zone into 16 hybercubes and introduce a continuous
regularization scheme which breaks chiral-gauge symmetries at the intermediate scale ǫc. As
a result, residual breakings R(ǫc) are produced. These residual breakings R(ǫc) are canceled
by adding appropriate counterterms. This is reminiscence of the two-cutoff approach to
chiral gauge theories on the lattice [19]. Though such a practical framework certainly is self-
consistent, we speculate that the RSM should not intrinsically have any residual breakings
at any scale for its exact gauge invariance and locality. This drives our attention to recent
approaches [27,28] to chiral gauge theories, which have been greatly developed in recent
literatures [31].
In these approaches, the regularizations of the chiral fermion sector use the Ginsparg-
Wilson equation [4] that was obtained from the renormalization group equation approaching
to a low-energy scaling region. Owing to the Dirac operator satisfying the Ginsparg-Wilson
equation, the residual breakings of the gauge symmetry are reduced [29]. This implies
that the residual breakings originated from the Ginsparg-Wilson Dirac operator are high-
dimension (non exactly local) operators, which are becoming to be irrelevant in the renor-
malization flow approaching to the scaling region. Furthermore, with the Ginsparg-Wilson
Dirac operator, it is proved [28] that all residual breakings of the gauge symmetry and the
gauge anomaly can be rewritten as a total divergence for its topological nature, thus they
are eliminated by redefining the gauge current [28] for the finite lattice spacing and without
fine-tuning. This implies that the renormalization scaling flow governed by the renormal-
ization group equation is gauge invariant, as a consequence, demonstrating the existence
of a gauge invariant low-energy scaling region for chiral-gauge invariant spectra and 1PI
functions.
In the RSM action (10), the four-fermion couplings are made to be exactly local and chi-
ral gauge symmetric at the lattice scale. We can formally integrate away the sterile neutrino
fields χR, χL and obtain the effective Dirac actions bilinearly in the fermion fields ψL and
ψR. Such effective Dirac actions are obviously not exactly local. It is worthwhile to examine
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whether such effective Dirac operators could be in the same universal class of the solutions
to the Ginsparg-Wilson equation in the sense of the renormalization group invariance. It
is also important to examine that in the low-energy scaling region A (70), the relevant
spectra and 1PI functions induced from the four-fermion couplings of the RSM are in the
same universal class of the relevant spectra and 1PI functions originated from the Ginsparg-
Wilson Dirac operators in the view of the renormalization group invariance. For simplicity,
this examination should be first carried out in a simple two-dimensianl model, such as the
(11112)-model [35]. We expect that in our approach (RSM) and the approach based on
the Ginsparg-Wilson equation, the low-energy relevant spectra and 1PI functions should
be the same, the difference should be irrelevant high-dimension operators in high-energy
range and these irrelevant high-dimension operators should be vanishing (O(an)n > 1), as
the renormalization flow approaches the low-energy scaling region A. If this expectation
can be demostrated, two important and perspective points are followed: (i) many analytical
developments in the approached based on the Ginsparg-Wilson equation [27,28,31] should
also be discussed in the framework of our approach; (ii) the effective Dirac action after inte-
grating over the sterile neutrino fields in our approach can be adopted for non-perturbative
numerical simulations, and the low-energy scaling region A can be adopted as the scaling
region for numerical simulations to approach the continuum limit.
In fact, on the basis of our studies and recent approaches based on the Ginsparg-Wilson
equation, it can be strongly concluded that we can not only find a gauge invariant regular-
ization for chiral gauge theories (like the SM) at the lattice scale, but also a gauge invariant
low-energy scaling region for the desired low-energy spectra and 1PI functions of chiral
gauge theories. This has been generally believed to be impossible and we nevertheless have
persisted in working for a decade. The studies of an appropriate universal class of gauge
invariant four-fermion couplings at the lattice scale, which processes the desired low-energy
scaling region for the SM, are highly deserved and far-reaching, since they could be Nature’s
choice for the extensions of the SM to the high-energy region.
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Electroweak scale. As mentioned in the introductory section, the Higgs sector of the SM
is disregarded and the main goal of this paper is to study the RSM: a gauge invariant
regularization of the SM. RSM can possibly achieve a gauge-invariant low-energy scaling
region where the chiral fermion spectra and gauge couplings of the SM are realized. As has
been proved, the χR- and χL-shift symmetries of the RSM rigorously protect the decoupling
between the left- and right-handed sectors of the RSM. Both hard and soft spontaneous
symmetry-breakings are strictly prohibited. Thus all fermions are exactly massless. However
the soft spontaneous symmetry-breaking is needed for the fermion mass generation. It is
conceivable that such a soft spontaneous symmetry-breaking should be allowed, provided the
scale of the soft spontaneous symmetry-breaking is well below the intermediate dissolving
scale ǫc (74).
The electroweak scale v˜ is the soft spontaneous symmetry-breaking in the RSM. It is
related to the non-zero v.e.v. 〈ψ¯LψR〉, which can be induced by the dimension-6 four-fermion
interactions of the Nambu Jona-Lasinio type [43],
Gψ¯L · ψRψ¯R · ψL, (89)
where the NJL four-fermion coupling G has to be at the intermediate scale ǫc, rather than the
lattice scale. The NJL four-fermion interactions (89) mix left- and right-handed fermions of
the RSM. Obviously, the χR- and χL-shift symmetries of the RSM are explicitly broken. It is
required that the NJL interactions (89) induces 1PI functions, for example the dimension-3
mass operator ψ¯L · ψR, that are only relevant up to the electroweak scale v˜. Otherwise, the
χR- and χL-shift symmetries of the RSM would be strongly violated and the scenario of
the RSM in the low-energy scaling region is jeopardized. We speculate that this could be
achieved by finding a ultra-violet stable point of the scaling value G = Gc in the low-energy
scaling region A (70) so that (i) the soft spontaneous symmetry-breaking v˜ is much small
than ǫc and dimension-3 mass functions ψ¯L · ψR are irrelevant at the scale ǫc; (ii) the four-
fermion interactions (89) become effectively relevant and renormalized dimension-4 operators
by receiving non-perturbative wave-function renormalization. If this could be realized, the
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scenario of the RSM would be not only remained, but also enriched with low-lying massive
fermions. We leave the further discussions and computations in a separate paper.
XII. RESTORATION OF THE PARITY-SYMMETRY
As discussed in section (IX), in the scaling region A (70), the RSM gives rise to not only
the desired chiral-fermion spectra and 1PI functions of the SM in the low-energy region, but
also the massive Dirac fermions and vectorially gauge-symmetric 1PI functions in the high-
energy region, characterized by the energy-momentum threshold ǫc (74). The most striking
feature of the RSM is that the parity-violating gauge symmetries in the low-energy region
turn to the parity-conservation gauge symmetries in the high-energy region above the energy-
momentum threshold ǫc, without any other extra elementary fermions and gauge bosons.
However, a priori, the RSM cannot determine the definite value of the threshold ǫc, which
must be much larger than the electroweak scale, as indicated by current experimental results.
This restoration of the parity-conservation gauge symmetries could be experimentally tested
by measuring the left-right asymmetry,
ALR =
σL − σR
σL + σR
(90)
at the high-energy ≥ ǫc above the electroweak scale, where σL and σR respectively denote the
cross sections for an incident left-handed and right-handed polarized electrons. The left-right
asymmetry ALR is related to the 1PI vertex functions of gauge couplings to fermions. The
non-vanishing ALR indicates parity-violating gauge-fermion interactions, while vanishing
ALR indicates parity-conservation gauge-fermion interactions. The scenario of the RSM
predicates that in the high-energy region the left-right asymmetry ALR should be vanishing
and no extra very massive gauge bosons can be detected, differently from the left-right
symmetric models [44].
In addition to the restoration of parity-conservation symmetries, the vectorially gauge-
symmetric 1PI functions of gauge-fermion interactions indicate that the W±-bosons have
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not only gauge coupling to left-handed fermions, but also gauge coupling to right-handed
fermions in the high-energy region. This clearly modifies the low-energy physics of the SM
and possibly gives some clues to the flavour physics. Actually, with the vectorlike gauge-
coupling vertex of the W±-bosons, we had done some preliminary studies of phenomenolog-
ical aspects on the generation of fermion masses, fine-tuning problem, masses and mixing
angles of the quark and lepton sectors [45]. We speculate that in the neutral sector of the
RSM, the light and sterile neutrinos χR and χL can be candidates of the part of the hot dark
matter, while massive and neutral Dirac fermions ΨLn and Ψ
n
R could be candidates for the
part of the cold dark matter; in the charged sector, the massive charged Dirac fermions ΨLc
and ΨRc could decay to produce high-energy cosmic rays. The right-handed neutrino χR ≡ νR
and sterile left-handed neutrinos χL should play their roles on the neutrino physics.
XIII. SUMMARY AND CONCLUSIONS
The phenomenon of vectorlike fermion doubling described by the “no-go” theorem of
Nielsen and Ninomiya is very generic, provided the degree of freedoms of a gauge-invariantly
regularized field theory is finite. The paradox is thus raised: vectorially gauged fermions
and their doublers must appear in a naive gauge-invariantly regularized SM, on the contrary,
chiral gauged fermions are in fact the fermion content of the SM. By introducing two sterile
neutrinos, we propose four-fermion interactions and dynamics leading to a possible resolution
of this paradox. We discuss the non-perturbative regularizations for the SM without the
Higgs sector, i.e., the RSM (10). The analysis and discussions of fermion spectra, 1PI
functions and anomalies in the gauge invariant low-energy scaling region (70) are given,
analogously to that presented in refs. [24,32,33] for the SUL(2) chiral-gauged fermions on
the lattice. We conclude that the RSM and its dynamical scenario provide a plausible
resolution to the paradox: the long-standing problem of gauge-invariantly regularizing chiral
gauge theories, like the SM on a lattice. We find a universal class of effective four-fermion
interactions, whose gauge invariant scaling region for the SM appearing as an asymptotic
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chiral gauge theory in the low-energy region, while parity-conservation gauge symmetries
are restored in the high-energy region.
On the other hand, we have to confess that it is very necessary and inviting for numerical
computations and other techniques to verify the RSM and its dynamical scenario, in partic-
ular, the phenomenon of no hard spontaneous symmetry-breaking at the lattice scale and
the phenomenon of the three-fermion-states gauge-invariantly dissolving into corresponding
three-fermion-cuts at the intermediate energy-threshold ǫc (74).
The ultimate regularization of the fundamental quantum field theory for particle physics
must be given by the nature regulator – the quantum gravity with the fundamental Planck
scale, it is interesting and important to search for the effective high-dimension operators
for regularizing the SU(5) and SO(10) chiral gauge theories that unify three types of the
gauge-fermion interactions of the SM at the GUT scale.
To end this article, we wish to make a very general and brief discussion on any possible
relationships between the multifermion coupling and bilinear fermion coupling approaches
for anomaly-free chiral gauge theories on the lattice. In both bilinear fermion and multi-
fermion coupling models, extra fermionic species must be decoupled and right-handed and
left-handed fermionic species must couple in some ways to have anomalies. The couplings be-
tween right- and left-handed fermionic species appear either in the action or in the fermionic
measure.
The Wilson fermion is exact local (in the range of the lattice spacing) and right- and
left-handed fermionic species couple at the lattice scale. Doublers are very massive and
decoupled. As required by the “no-go” theorem, the residual breakings of the gauge sym-
metry are at the lattice scale. These residual breakings of the chiral gauge symmetry can be
eliminated by adding and fine-tuning appropriate counterterms so as to enforce the Ward
identities associated to exact chiral gauge symmetries at the continuum limit [11].
Contrasting with the Wilson fermion, the regularization of the fermion sector adopted by
the “overlap” [27] and Lu¨scher [28] approaches use the Ginsparg-Wilson equation [4] that was
obtained from the renormalization group equation. Owing to the Dirac operator satisfying
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the Ginsparg-Wilson equation, the residual breakings of the gauge symmetry are reduced
[29] and supposed to be eliminated by either average over gauge configurations or adding
local counterterms in order to preserve exact chiral gauge symmetries. In the Lu¨scher [28]
approach for the abelian gauge theory, all residual breakings of the gauge symmetry including
the gauge anomaly can be rewritten as a total divergence for its topological nature, thus
they are eliminated by redefining the gauge current2 for the finite lattice spacing and without
fine-tuning. In order to completely decouple extra fermion species, as required by the “no-
go” theorem, the approaches relax the exact locality to the locality whose range extends to
a few lattice spacings with an exponential tail.
While in the models of multifermion couplings, the couplings of right-handed and left-
handed fermions can be made exactly local and chiral gauge symmetric at the lattice scale.
However, as discussed at the end of section 2, we have to find a peculiar multifermion
coupling and a scaling region desired for the low energy. The hard spontaneous symmetry
breaking is absolutely not tolerated so that residual breakings of gauge symmetries are not
at the lattice scale. The strong coupling at the high energy is needed and three-fermion cut
must be realized at the low-energy so as to decouple extra fermion species with “wrong”
chirality.
Taking our action (10) as an example, we can formally integrate away the spectator
field χR and obtain the effective Dirac action bilinearly in the fermion field ψ
i
L. Such an
effective Dirac action is obviously not exactly local. It is worthwhile to examine whether
such an effective Dirac operator could be the solution to the Ginsparg-Wilson equation in
the sense of the renormalization group invariance. Most importantly, we need to show in
the scaling region A (70) for the low-energy, whether the relevant spectra and operators
induced from the multifermion couplings(high dimension operators) at the lattice scale are
in the same universal class with the solutions to the Ginsparg-Wilson equation, in the view
2Private conmmunication with Lu¨scher.
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of the renormalization group invariance.
In fact, the recent successful progress based on the Ginsparg-Wilson equation strongly
implies the existence of the scaling region 70) for exactly chiral-gauge symmetric theories
in the low-energy, obtained from our model (10). This has been generally believed to be
impossible. The studies of appropriate multifermion couplings at the lattice scale and desired
scaling region are highly deserved, since they could be Nature’s choice for chiral gauge
theories, e.g., the Standard Model, at the high-energy.
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